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ABSTRACT

The r-Stirling numbers by Broder were initially defined through their
combinatorial interpretation, and all essential properties and identities were
obtained using a combinatorial approach. This paper introduces a slightly modified
version of the r-Stirling numbers through their exponential generating functions and
derives all necessary properties and identities using an algebraic approach.
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INTRODUCTION:

The origin of Stirling numbers can be
traced back to James Stirling, who
introduced them within a purely algebraic
framework in his seminal work "Methodus
differentialis" (Stirling, 1730). More precisely,
the Stirling numbers were introduced as pair
of numbers usually denoted by s(n, k) and S(n,
k) satisfying the following inverse relations:

n

x= ) s(n k)x* 4
x" =) S(n, k)xk, (B)

where x%=x(x — 1) ... (x —n + 1) is called
the falling factorial of x of degree n, the
values s(n, k) are referred to as Stirling
numbers of the first kind, whereas the values
S(n, k) are known as Stirling numbers of
the second kind.

Throughout the 20" century, numerous
mathematicians dedicated their efforts
to generalizing and extending this pair
of Stirling numbers exploring their
applications in combinatorial, probabilistic,
and statistical domains. Among these
mathematicians, A.Z. Broder (1984) made
significant  contributions.  In  Broder's
exploration of Stirling numbers,

particularly through the lens of permutations
and partitions, he crafted a specific
generalization known as the r-Stirling numbers.
The work of Broder exhibits combinatorial
approach in deriving properties and identities of
r-Stirling numbers analogous to those of the
classical Stirling numbers, unveiling recurrence
relations, generating functions, and explicit
formulas. Specifically, Broder (1984) defined r-
Stirling numbers of the first and second kind as
follows

n
[ k] = the number of ways to construct a
-

permutation of the elements in the set
{1,...,n} containing k cycles, such that
the numbers 1,2,...,v are in different
cycles;

{Z} = the number of ways to partition the

r
set {1,...,n} into k disjoint subsets, such

that the numbers 1, 2, ..., are in different
subsets and each subset must contain at
least one element.

In this present paper, a slightly distinct form
of r-Stirling numbers will be introduced by
means of their exponential generating functions
and necessary properties and identities will be
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established using algebraic approach. This paper
showcases an alternative way of presenting the
discussion and results in (Broder, 1984), which
can be used as an excellent reference in
developing a new variant of Stirling numbers
mixing them with the concept of Bernoulli,
Euler and Genocchi numbers. This research
study not only enriches our understanding of
Stirling numbers but also extends their utility
across diverse mathematical landscapes.

MATERIALS AND METHODS

Various ways exist for defining a generalized
form of Stirling numbers, and the common
approach involves introducing them through
combinatorial ~ interpretation,  recurrence
relations or explicit formulas. It is not common
to define a generalized form of Stirling numbers
by means of their exponential generating
functions. However, other special numbers like
Genocchi, Bernoulli and Euler numbers and
their variations and extensions were usually
defined via exponential generating function.
Here, we opt to consider a certain generalization
of Stirling numbers which are slightly modified
version of r-Stirling numbers of Broder (1984)
and present these numbers by leveraging their
exponential generating function, employing an
algebraic approach to derive essential properties
and identities. More precisely, the slightly
modified 7r-Stirling numbers find their
definition as coefficients within the following
exponential generating functions:
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where Z I :] and {n I :} denote the signed first

kind r-Stirling numbers and second kind r-
Stirling numbers, respectively. Throughout this
paper, the term SM r-Stirling numbers will be
used referring to a slightly modified r-Stirling
numbers.

This methodology not only offers a concise
representation but also facilitates a deeper
understanding of the SM r-Stirling numbers by
emphasizing their connection to generating
functions. Through this algebraic lens, we
unravel the important properties and identities
inherent in the r-Stirling numbers of Broder
(1984), contributing to a comprehensive
exploration of their mathematical nature.

RESULTS AND DISCUSSIONS

In this section, we derive properties and
identities of the SM r-Stirling numbers
analogous to those properties and identities of
Broder’s r-Stirling numbers.

Horizontal Generating Functions

The first property to derive is the horizontal
generating function. This property is commonly
used to define several variations and
generalizations of Stirling numbers.

Theorem 1. The horizontal generating
functions for both kinds of SM r-Stirling
numbers are given as follows:

D) HHENC

i @-ns @

(z—-r)*
Tl
z" =
k=0
Proof. The exponential generating function in
(1) can be written as

ZZn+r t" Sk
k+rrm

k=0 \n=k
1 Z Inf(1+86)
= Z
r |
(1+10) & k!
1 Z[zln(l +t) ]k
= . '
(1+1¢) & k!
— In(1+t)* _ z
(1+t)re 1+ a+or
— tn
= Z(zn T)t” = Z(z—r)ﬂﬁ.
nz0 nz0 ’
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By rewriting the left hand side of the above

equation, we get
} Z (z—- r)“ L :

i {i n+7 r
k + r
n=0
Comparing the coefficients of & ylelds the

desired horizontal generating ﬁmctlon in (3). On
the other hand, the exponential generating
function in (2) can be written as

=emt(1+ (et - 1)°

n

co
= elztn)t — Z(Z-I'T)nt—
n!

n=0

By rewriting the left hand side of the above
equation, we get

RN AR LS YRR

n=0

Comparing the coefficients of ;—T,l yields (4).

Remark 2. Clearly, when n < k, we have
n+r] _m+ry _
[k+r]r N {k+r}r =0
Moreover, when n = k,

krd =), =

Remark 3. Replacing z by —z in equation
(3) yields

G+rt=) vk L]
k=0
where w* = w(w + 1) ...(w + n—1) is the
rising factorial of w of degree n. This indicates
that the first kind r-Stirling numbers of Broder
(1984) can be represented using the signed r-
Stirling numbers of the first kind

n+7rl _ o nek[RET
k+r]r_(1) k+r]r'

Orthogonality of SM r-Stirling Numbers

One of the important properties of Stirling-
type numbers is the orthogonality relation. This
property provides remarkable consequences
such as the inverse relation and matrix relation.
The following theorem contains the
orthogonality relations for both kinds of SM r-
Stirling numbers.

Theorem 4. The orthogonality relation
satisfied by the first and second kinds SM r-
Stirling numbers is as follows:
: n+r [k+r
QA ]
k=0
d

=2 e, Gy =
zl{fgmin

1,m=n’ )

where 8y, is the Kronecker delta and d = n..

Proof. 1t's worth noting that equation (3) can
be expressed as
k

(z—r)k = Z [T':Er\rr]rzm.

m=0

Substituting this to (4) gives

n k
n_ n+r Z k+7r] m
2= {k+7‘}r [m+r]rz
k=0 m=0
n k
222 n+r k+r oM
k+r m+r
k=0 m=0
n n
zz n+r k+r] 4m
k+r m+rl, '
m=0 \k=
Hence,

n

2 i L] = om =30 0

k=m

Similarly, (4) can be written as
k

pe S e

m=0
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Substituting this to (3) yields

) A DR R R
& T (k
n T
=;Zo[k+r]r{mii}( rym
S [ (3 fen
Hence,
n
T+ (k+ 0,m #
ST (), = 22

Furthermore, since [Z _+'_ :] = {n + r} =0 for
T

n < k, we have

d

n+r k+r]
k+r m+r
k=0
Z[n+r] k+r}
k+rl.tm+7r),
_ _(0m=#n
_anm_{l,m=n'

for some d > n.

Remark 5. Using Remark 3, we have
k+r] _ _yn—k [T
m+r]r_( D k+r]r'

Then, Theorem 4 gives

Z( 1)k n+r k+r]

k+r m+rl,

kn+r k+r
Z( D k+r {m+r}r
Om#n
1,m=n

= (=1D"0pm = {

which is exactly the orthogonality relation for
both kinds of Broder’s r-Stirling numbers.

Remark 6. The following matrix relation is a
direct consequence of the orthogonality
relation in Theorem 4:

(ﬁii})(iii) -5, G,

Inverse Relations of SM r-Stirling Numbers

Another important property that a special
number needs to possess is the inverse relation.
This can help transform some generating
functions into other forms of relations that have
significant meaning in combinatorics.

Theorem 7. The inverse relation satisfied by the
SM r-Stirling numbers is as follows:

Z[Ziﬂ n=0,=) (S ©
fk:;[zjr:]rgn@gk=;{Zi;}rfn. (7)

Proof: Using the hypothesis in (4), we have

n n
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Conversely, we have
n k
Z[n+r] Z[n+r] Z k+r} f
k+r| 9= k+r m+7r),. '™

k=0 = =0

K

n+r k+r

Z k+r] m+r}rfm

m=0

n+r k+r
Zk+r m+r}r}fm

k=

3
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To prove the inverse relation in (7), we use

n+r Z{n+r} Z[m+r]
k+r - k+r n+rl 9m

n=k n=k m=n

_Z Z n+r m/-ITr]

- k+r n+rrgm

n m=
n+r rﬁTr]
k+r n+7‘r‘gm
0

OmkIm = SrxGr = Gr-

8

1]
=

ﬁbll483M8
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Conversely, we have

Z[ZIZ] 9n = Z[’ZII] Z i

o

_Z Z n+r] m+r f
N k+r n+r m

n m=n

ok

m

n+r m+r
Z k+r], n+r}r}fm

n=0

——

0

= z Smicfm = Sracfie = fic - M.

m=0

8ﬁ

Remark 8. Applying the inverse relation in
(7) to the generating functions in (1) and (2)
gives

A +07ek i {n n r} In"(1 +¢t)

k! k+71), n!
n=k
th Z n+r] (et =1
etk k+rl, n 7
n=k

These are new identities for SM r-Stirling
numbers of both kinds.

Triangular Recurrence Relation

The next property to consider is the
recurrence relations of both kinds of SM r-
Stirling numbers. This relation aids in swiftly
computing the initial values of the SM r-Stirling
numbers.

Theorem 9. The SM r-Stirling numbers satisfy
the following recursive formulas:

[y I P R ol M
P I P

r

+@+)V+q{

Proof. In accordance with (3), we may write

n+1
n¥fr+1 Sk = (7 — p)ntl
z k+r 1, =@-n

=(z—r)"(z—r—n)

N
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h+J LASUROW P
n+1
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[k+r Z +Z( = n)[k+r
n+r o n+r k
_{k+r—JT+(r "ﬂk+sz'

By comparing the coefficients of z¥, we obtain
the triangular recursive formula for the signed
first kind 7-Stirling numbers:

I
wM:

=
+
=)

I Il
3 =
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Similarly, (4) may be written as
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Now identifying the coefficients of (z — 1)k,
we obtain the following triangular recurrence

relation for {Z 1 :}
s

(e =0T el

k+r J, Uk+r k+1),

Remark 10. Using Remark 3,

_yn+1-k[n+Tr+1

=1 k+r I,

— (_1\n+1-k n+r

=D k+r—1l,
_yn+1-k/__ Tl+T']

HDMHEDE [T
n+r

k+r—1[.

n+r]

k+rl,

=l Dl v

— (_1)n+1—k

+(r +n)(—=1)"*

which is exactly the triangular recursive formula
of Broder’s first kind r-Stirling numbers.

To demonstrate the utility of the triangular
recurrence relations outlined in Theorem 9, we
generate specific values of SM r-Stirling
numbers. For the first kind, this is facilitated by
the following triangular recurrence relation:

n¥r+1] _[ n+r n+r
k+r r_k+r—1] (+n)[ ]

withn =2,k = 2,7 = 2, we have

§]Z=E]2—2[§2=0—2(1)=—2
?]:[3]2—3[2\2:—2—3(1):—5
] [~ =5 a9
Now, withn = 3,k = 3,r = 3, we have
HIEX

PA] =[§] —3[§] =0-3(1)=—
[4] _[4] ‘4[4]

=—3—-4=-7

(5], =[3], =5[], =7 -5 =12
lgl, =[], -6
For the second kind SM r-Stirling numbers

which is given by this triangular recurrence
relation,

[E] =-12-6=-18
3

{n+r+1}

o ={ n+z1} +(k+r){n+r}

k+r

r

withn = 2,k = 2,r = 2, we have

~ A e
B U WA NDW RN
——

N
Il
~N A

ML

GL-GLrof), -
(), -Gl -7
5, -} +of) -v
{6}, = {5}, + ©fg), =18

Indeed, the first values of SM r-Stirling
numbers can be computed quickly using the
triangular recurrence relations.

Explicit Formulas

Another important property of a special
number is its explicit formula. This is useful in
computing directly the value of the special
number for a given specific value of the
parameters involved. The subsequent theorem
provides the explicit formula for the r-Stirling
numbers of the second kind.

Theorem 11. The formula for the second kind -
Stirling numbers is explicitly stated as follows:

n+r k.z( 1)k 1

(i) Y+ @®
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Proof. Using (2), we obtain
nzzkk! {Z I ;:}T:l—r: =e"t(ef — 1)k
K
— Z ert (Ilf) (et)k—i(_l)i
K
_ Z (k) ert+k-Dt(_1)i
i

(k) e+ k=) (_1)i

- Z () {Z e - r)t)n} (-1

=ZNZ<nkmkowﬂ§

Comparing the coefficients of % both sides
yields

n+r Z( 1) ((k

Replacing i with k — i gives the desired
explicit formula in (8). m

i)+ r)n.

The following theorem provides the explicit
formula for the signed first kind r-Stirling
numbers. This formula is also recognized as the
Schlomilch-type formula.

Theorem 12. The signed first kind r-Stirling
number is explicitly defined by the following
formula:

- n m-k r
kil = 2 2 o ()())

m=k r=0 j=i

(m—1+r)( 2m — k)(r—j)m"‘” _
X —_— M,
m—k+r/\m—k+r r!

Proof. When r =0, the exponential
generating function for the first kind signed 7-
Stirling numbers reduces to

. [In(1 +t)]*

t 1
ZS(""‘)E=F

n=0
where s(n, k) denotes the Stirling numbers
of the first kind. Note that the EGF of signed
r-Stirling numbers of the first kind which is
given by
i [m e ( 1 ) [In(1 + £)]¥
4 k+rl.n 1+t k! '

is composed of two functions. The first
function can be expressed as

r

L) —(1+0)"

(1+t
-2 G

nz0
- (e 3 (e
n>
where (_nr) is the Newton’s generalized

binomial coefficients. Applying the Newton’s
Binomial Theorem yields

(o)

n!
n>0
D"+ ..r+n—-1t"
n!
n>0
=14+ OO0+ D G- 1)%.
n>0

And, by the definition of the rising factorial,

() -1 g

n>0
n

=Y s

n=0

n

The second function % [In(1 + t)]* can be
expressed as

1 n
i1+ 0] = Z s, k) %

nzk

Hence, using Cauchy’s Rule for the product
of two power series, we have
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i A <Z< o —) (Zs(n 5 )
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nz0

n tn—m+m o
= z { m (=) ™r"Ms(m, k)}

nz0

Z{Z m( DY (m, k)r™ m} o

nz0

Multiplying the summand of the left hand
side of the equation by i: yields
n

|
Z{Zm( DM s (m, k)r™= m} : n

nz0

- Z {Z (:l) (=D"™Ms(m, k)rﬁ};—f.

n20 \m=k

. . t"
By comparing the coefficients of —, we have
n!

n

Z/f:] _ Z (:1) (=)™ (m, k)r™m,

m=k
Using the Schlomilch formula for the Stirling
numbers of the first kind
s(n, k)

n—k r

j)n k+r

22 ()0

r=0 j=i

the Schlomilch-type formula for the signed
r-Stirling of the first kind is given by

T
k+r]

m—k 1 14+
= 2 G 2 2 o ()0 )
- m)( D (=17 m—k+r
m=k r=0 j=i

2m—k)(r J)m—k+r —
m—k+r r! "
n m-k r 14
— T
=2 2. 2 () (i)
m=k r=0 j=i m—k+r
2m—k (r_j)m_k+r n=m
(m—k+r) 7! re.

Remark 13. Using Remark 3, we have

K+71] _ , ynek [ +T
m+r]r_( 1 k+r]r

n m-k r

=Sy e (V)

m=k r=0 j=i
m—k
< 2m—k )(T—j)m +rrm.
m—k+r r!
Tl+‘)"]
k+rl,
n m-k r 14
. n T m— T
— k—-m+j+r
ZZ =D (m)(j><m—k+r>
m=k r=0 j=i

( 2m—k ) (r — jHym-k+r =

n-m
m—k+r r!

This is exactly the Schlomilch-type formula
obtained in (Corcino et al., 2014) for the r-
Stirling numbers of the first kind.

Rational Generating Function

The subsequent theorem includes the
rational generating function for the second
kind r-Stirling numbers.

Theorem 13. The rational generating
Sfunction holds true for the r-Stirling numbers
of the second kind, where n and k are non-
negative integers:

£k
Y (1) = Z {Z i :}r th = H?:o(l Gy

nzk

Proof: When k = 0, we have

bo@ =) {1FT} en =y pmerren

nz0 nz0
DYCEIVERS
nz0 nz0

Using the triangular recurrence relation in
Theorem 9, we get

w0 =) 1

nzk

Z[k+1+r} +(k+r){ 1+r}]tn

r
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_ Theorem 14. The explicit formula in
=D ety g

ktr—1 ht.)mogene(.)uiv function form_ for thei second
nzk kind r-Stirling numbers is provided for
+7) Z {(n -1+ r} fn-1 nonnegative integers n and k:
k+r ),
nzk+1 + k
n+r _ s
_ Z t{(n—1+1)+r} Ik {k+r}r_ Z 1—[(1+r) i
k+r—1 N So+S1+Sp++sp=n—k j=0
nzk—-1

M—1+1)+7 ,n141  Equivalently, we have
+ T) Z { k +r }'r t m

nzk

n+my _ )
t {kijiJﬁ””“‘*”Z{Zi:}f”- { n }r_ ' Z Hjl.

nzk-1 nzk
Proof: The generating function as described
Hence, in Theorem 13 can be written as
Vi) = s O+ e+ 0 St e £
= — k+rr - k—(l_t(]-l_r))
t _1(2). =
ka( ) (1 _ t(k +T'))l/)k 1( ) n=k L : j=0
— +k _
Thus, “Clla=gm
Pe®) = ————— e
k — 7 ./ . S\ Fk-1
1-tk TT n
(t ek +1) . =tk Z(t(i +71))
Ttk + ) (A —t((k— D+ r))lpk_Z(t) o
— +k | P nen
¢ t _tﬁ “Z(1+r)t
j=0 nz2k

- (1-ttk+n)(1-t(k-=1)+1r) "

: Prer (O =ty ) ﬁ(" + )L

(1-t((k—(k—1)+1) Mok So+81+5 FFsg=n—k j=0
k
B t t =tk Z Z tnk ﬂ(j +1)%
(A=t -t((k-1)+1) nzk so+s1+55++sp=n—k j=0

K
(1 - t(tl + r)) 1 —1rt = Z { Z H(j + r)si} t".

nzk \ So+s1+sy++sg=n—k j=0
n+r
b= (f 17} e | -
)y Hence, comparing the coefficients of t™, we

nak £k have
T, —tG ) :
Gid= > oo
An important implication of the " sobsytsbsg=n—k j=0
generating function in Theorem 13 is the n+r
subsequent formula represented in symmetric {k + T}r = Z O+7)..(0+7)
function form. Sotrtse=n—k

@A+r)..A+r)-..
k+7r) .. (k+T1)
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ﬁ(ji + 7).

0% j1SjosSjp_g sk i=1

(s =

Replacing n withn + m — r and k with n —
r, we get

{n+m—r+r}

n—-r+r J,

m+m-r)—(n-r)

) [

0% j1SSintm—r—(n-r) SN-T i=1

AT ﬁo‘z @

0< ji1SjpsSjpmsn-r i=1

Gi+1)

m

n+m .
{ } = ﬂ(h —T+7)
n Jr
TS j1SjSSjp sn+r—-r i=1
m
AR
n J. | ™

The significance of Theorem 14 lies in
linking the second kind r-Stirling numbers with
the notions of 0-1 tableau and A-tableau. As
articulated in (De Medicis and Leroux, 1995),
an A-tableau, denoted by ¢, corresponds to a
sequence of column ¢ within a Ferrer's diagram
of a partition A. These columns are organized in
a descending order of length, and the lengths |c|
are chosen from the sequence A = (a;)io,
where A represents a strictly ascending
sequence of non-negative integers, as defined in
(De Medicis and Leroux, 1995).

It is important to observe that an A-
tableau can be created by specifying the count of
columns whose lengths belong to the sequence
A. For instance, considering A = {1, 2, 3,4},
the A-tableaux characterized by precisely 3
columns, with their lengths being part of the
sequence A, can be expressed in terms of
multisets. In this representation, the entries
consist of column lengths, rather than entire
columns, and can be articulated as follows:
{444} {443} {442} {44,1} {433} {432}
{4,3,1} {4,2,2} {4,2,1} {4,1,1} {3,3,3} {3,3,2}
{3,3,1} {3,2,2} {3,2,1} {3,1,1} {2,2,2} {2,2,1}
{2,1,1} {1,1,1}.

This implies that the number of such A-
tableaux is the same as the number of 3-element

multi-subsets of the multiset {oo - 1,00 -
2,00 - 3,00 - 4} whichis given by Hf = 20
(Chen and Koh, 1992). In general, the number
of r-element multi-subsets of a multiset M =
{oo - ay,0 - ay,...,0-a,} as given in
(Chen and Koh, 1992) is

r+n-—1
HP = ( )
T
Therefore, if T4 (k, ) represents the collection
of A-tableaux featuring r columns, where the

lengths — which may not necessarily be distinct
— belong to the set {0, 1, 2, ..., k}, then

e e =(" ")

Consider a function w: N* to K, where N* is
the set of non-negative integers and K is a ring.
Assuming ® represents an A-tableau featuring r
columns whose lengths |c| are less than or equal
to h, we define

w@) =] [ote.

CED
It is worth noting that @ could include a finite
number of columns with zero lengths, given that
Obelongsto A = {0,1,2,..., k}, and assuming
w(0) # 0. Moving forward, whenever an A-
tableau is referenced, it is invariably linked to the
sequence A = {0,1,2,...,k}.

Theorem 15. Consider w : N* — K as the
column weight based on length, defined by
w([c]) = |c| + r, where |c| represents the
column length in A-tableau within the set
TA(k,n — k). Then,

{31, -

r

[ [wden.

PETA(k,n—k) cEP
Proof. This immediately follows from (9).

By converting A-tableau columns in
T4(k,n — k) into column lengths w(|c]|), we
create a tableau known as an A, -tableau. It is
important to note that when w(|c|) equals |c|,
the A, -tableau is essentially the A-tableau.
Here, we introduce an A4,,(0,1)-tableau as a 0-1
tableau derived by filling the cells of an A,-
tableau using 0 and 1 in a manner where only
one 1 appears in each column. The set of all such
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A, (0,1)-tableaux is denoted as Z B TFT 4 kL ey
T40(OD (k, n — k). Hence, the second kind - ol @

Stirling numbers may be interpreted as follows: 2mr =)= =) =T = jus)

05j1<jp<+<jp-psn—1

n+k .
{ M }r = the number of possible A, (0,1)- Z[ZI: k(k_l)ZH
tableaux in T4«©D (k,n — k) where w(|c|) =
lc| + 7. S S e ) ot AT CEE ey )
0<j1<jp<<jn_p<n—1
Through the utilization of Theorem 2 and the _\[Fr 1) k-2
. : r o] Rk =1z,
definition of Aw(0,1)-tableau, we derive the =

following corollaries. . e
For the formula of the signed first kind r- Applying 3% derivative, we have
Stirling numbers in symmetric function form,

we have the subsequent theorem. 2 Z 3= =j)z=1=]2) (2 =7 = fuos)

05j1<j2<<jp-3sn-1

Z [r + i k(k — 1)k — 2)z*3,

k=1

Theorem 16. The signed first kind r-Stirling
numbers equal

By induction, the X" derivative evaluated at

[n/il\m]r =(DmF Z Iz - Jm: z = 0 gives

r<j1<j,<<Jjnp<n

Equi k
%tlvalently, %((z—r)(z—r— D ...(Z—r— n— 1)))

A ST S
n —ml, Z

z=0

r<j1<J2<-<jm<n &~ k+rl. dzk o
Proof: Taking the derivative with respect to z e > O=r=j)0=7=1) .0 =7 = jn-i)
. . . 05j1<jp<<jp_gsn-1
to both sides of the following horizontal e
generating function “le+ r]r e
n —
Z nET Y OO =) 0= )
k+r r 051 <jo<<jp_gSn—1
k=0 _[m¥r
=(z—r)(z—r—l)...(z—r—(n—l)), _[k+r]r
we have Y DT ) )
d 0%j3<jp<<jpps -1 -
d—((z—r)(z—r—l)...(z—r—(n—l))) _[n+r]
d n Tl +rl,
n 7 r
e +7, dz COTE Y G HE ) )
fe=0 05j1<jz < <nogSn=1__
_[n+r
(Z—T—jl)(Z—T—jz)...(Z—T—jn_l) _[k+r]r
0<j1<jp<<jp_1sn—1
n —
n+r - _ L T
=2 [ ke o =[]
k=1 r r<j1<j2<<jn-ksSn+r—-1 T

Taking the second derivative gives

J1 ---jn—'r—(n—m—r)
d . .
PG D CEL e R CEE ey M TR SIner-omenE norrol
0<j1<jp<<jp_ sn—1 — (_1)n—r—(n—m—r) [ n—r+r ]
n—-m-r+rl,
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o o [ T
Jujz = (=107 [n _ m]r
r<j1<j2<<jm<n
—(n— n .. .
(—1)r-(-m) [n - m] = Z Juz - Jm-
T rgji<ja<<jm<n
Equivalently,

[ n _ Z .. m
n—ml, Juz2 - Jm-

r<j1<j<-<jm<n

Horizontal and Vertical Recurrence Relations

Here, we establish other forms of recursive
relations: the horizontal and vertical recursive
relations. These relations are analogous to the
hockey stick identities of the binomial
coefficients.

Theorem 17. The horizontal recursive
relation satisfied by the second kind r-Stirling
number is as follows:

{n+r

n+r+1 }
k+r

Z( 1)J(k+r+1)]{k+r+j+1

Proof. By making use of the triangular
recurrence relation of the r-Stirlinng numbers
of the second kind, we have

+

lesr), =

n-k ‘ L iy

= Z(_l)m(k SRR (U 1}r

j=0

D, S )

_ 1Y)+l s n+r
z( Dk +r+1) {k+r+j+1}r
j=1

n—k
UL, i n+r
+Z( D le+r+1) {k+r+j+1}r

n—k

. ( ntr
=S
7=0
n—k
+Z(—1)f(k+r+1)f(k+r+1+j){k+rrli]r.+1}
=0 ’

n—k
= ;(—1)1'0« tr+ 1)1’{{k’itij}r +

. n+r
(k+r+1+1){k+r+j+1}}

N ; A n+r+1
= —-1)/ J
E D47 +1) {k+r+j+1}r'.
=

The following theorem contains another
form of a recurrence relation, which is a
consequence of the above rational generating
function.

Theorem 18. The vertical recursive
relation adhered to by the second kind r-
Stirling numbers is as follows:

Z(k 4y

Proof. Using Theorem 13, we have

n+r

k+r ]+7”—1}

k+r—1r

[oe]

+ n _ t*
2640, =i

n=0

t tk_l

1—t(k+r)H a-tG+mn)

By comparing coefficient of t" both sides,
we have

Tl+‘)"

n—j ]+r—1
Z(k+r) k+r—1}r'.

It is worth-mentioning that the recurrence
relations in Theorems 15 and 16 are not
considered by Broder (1984).

CONCLUSION AND RECOMMENDATION

A slightly modified r-Stirling numbers,
also called the SM r-Stirling numbers, were
successfully defined by means of exponential
generating function. An algebraic approach has
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been employed to uncover interesting properties
and identities, encompassing the exploration of
horizontal generating functions, orthogonality
and inverse relations, triangular recurrence
relations, explicit formulas, rational generating
functions, and explicit formulas in symmetric
function form. A new combinatorial interpretation
for second kind r-Stirling numbers has been
constructed in terms the combinatorics of 0-1
tableau using the explicit formulas in Theorem
14 in symmetric function form. The paper has
been concluded by introducing two innovative
structures of recursive relations: the horizontal
and vertical recursive formulas, analogous to the
famous "Hockey Stick" identity for binomial
coefficients.

The method employed in defining the SM
r-Stirling numbers shares similarities with the
conventional approach used for defining
Bernoulli, Euler, and Genocchi numbers
(Abramowitz and Stegun, 1970), (Agoh, 2014),
(Araci, 2012), (Araci, 2014), (Corcino, 2020),
(Kim et al., 2012). Consequently, there is a
potential to introduce novel variants of SM 7-
Stirling numbers by integrating them with the
concepts of Bernoulli, Euler, and Genocchi
numbers. Specifically, these variants may be
defined as follows:

T tink(1 +t)
ZSBI("” T) (1+t) kl(et — 1)
tn rt _ k-1
2532(1( S © - D
21nk(1+¢)
ZSEl(k T) (1+t) Kl(et + 1)

Z SE2(k t" 2te™ (et - 1)*
Z n T = et D

S ¢n 1\
2,56 = ()

t" Zte”(e — 1)k
ZSGZ(k r) = k'(ef )

2tInk(1 +¢t)
k!(et + 1)

where SB}(k;r), SBZ(k;r), SEr(k;7),
SE2(k;1), SGr(k;r) and SGZ(k;r) may
denote the first and second kinds r-Stirling-
Bernoulli numbers, the first and second kinds -

Stirling-Euler numbers and the first and second
kinds r-Stirling-Genocchi numbers, respectively.

It is also interesting to establish a g-analogue
of SM r-Stirling numbers following the method
used by Corcino and Montero (2012)
establishing the g-analogue of Rucinski-Voigt
numbers. Further insights can be gleaned from
the works of Corcino and Barrientos (2011) and
Corcino and Corcino (2012).
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